
The Fundamental Theorem of Geometric Calculus Jan3rd 2026

Something I have been wanting to understand better for a while.

Prompted by Joseph sharing insights
about analytic complex functions.

Following Doran & Lasenby Chapter 6.

In a nutshell

The fundamental theorem of calculus (1-d version)

-inter datim integrated over

cover some domain) the domain's boundary.

Many versions of this statement exist in higher dimensions :

1. Green's Theorem

2. The Divergence Theorem

3. Stokes' Theorem

4. Canchy's Integral Formula

5. Generalized Stokes.

That 1
,

2 and 3 are special cases of 5 is well-known .

That4 is

also
,

is less so .
FTGC is the Geometric Algebra resion of 5.
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③Notation for K-simplex:+ of position rectors of

k + 1 points defining the simplex .

Bounday of the simplex
:

K (3i)
Okp=H... ic --- x)(k-)

Eg k= 2 : x2 (K-1)- simplex formed by removing <;

-& & = (02) - Ko .2) + (6 .
x

, )- (x)(2)
--

&
o ↑ ↑ &

remove2remove c ,
e

,
remove o I

-1" indicates reversed order

Bounday of a bounday vanishes :

(d(( = 0.

Eg :

(dk = (x2) - PS . ) - (k) - Hol] + (4) -Po) = 0

(Directed) volume :

OX = 0()(=
e ....- ep = 1(x2)(x2xbn(4))

k !

Directed volume of a bounday vanishes :

-(d(x))()) = 0
.

To verify ,
distribute & over the sum in the i

boundary expression. For example ,
k = 3 : exc

g

e



G(x)(x) = ⑪

(3) . 22.43) - (xod212s) + (40x 14) - (20% :)

20()(x) = z[

kilekoh (tolten (x21)]
=1--3 = O

2 !
-2+x +c
↓--

-+0+]
Note that the directed integral over the boundary of a simplex
vanishes :

6 dS=:)dX =O = O I

((x)(k)& & (s)(0-1)

Distribute integral over the sum in the boundary expression

In a simplex chain
,
the directed areas of common faces cancel

,
so

can fill a space and only integrate over the space
boundary
.



Multivector Fields on Simplices (barycentric)
⑤

The Se;3 are linearly independent, so define a frame,

albeit not othonormal .

Can therefore linearly interpolate a

multivector field F(x) as f(x) = Fo+
: (F :

- Fol

Where Fi = F(ci)
.

So
,

can write integral of F
over simplex

bounday as :

To term vanishes

nbecause constant⑧ fluids =-F d
- see (4i) ↓

G(x)(n)

.

]Now
,

want to get something likOf
x "on the ,a

and Fi-Fo is already in the ballpark of a derivative
.

In fact,

Fi-F=
Given x = x+ Xie

;
from

page & ,
we have xi = ei · (x-)

i = 1

where deil is the frame reciprocal to Seiy ,
so that e'.ej =8).

constant
So we are dealing with something of the form

t

where b ises and the 3.

f b - xdS (5 :)
term vanishes (see (4i))

((x)(n)



Because the integral over a simplex bounday is the antisymmetrized O
sun over simplicesore dimension love

,
it
pays

to consider integrals

over simplices themselves as on page & .

We already have that

& dy = 0X = 1 2
,
v ... 12k

,

to repeat (ii) .

k !

(2)(k)

Can show similarly that /NdX = 10X Vi :

k + 1

u
i - 1

(3)(k) k

j = itgidAin4

&

(((n-jd)=
G

The Xi in the ith integral increments
the power

and factorial by

an extra 1 ,
which gives

at the end

(xidX=
5=
xl

(c)(1)



From (5:) ,
focus on b . .

.

In barycentric coordinates (2i) , G

b . x = b . c+ where bib
G

So (b . xdX = b . x0X +bi
PC7(1) (2iish '(h)(6 :)

= (b- x+X

-

dometriccenter of simplex ,
b . 5

,
because :

K

[bi= D - ( -) =-k
i = 1

So b.+ bi=(b)
=+ box ,

note
-

k + 1i

So we have that :

CbisdX
= b.X I

However
,
(5:) integrates over OG (1) (the boundary) ,

not

(3)(c) (the simplex) ,
so let's address that next.



From 13i), ⑧

& b . cds =:(b . X where the

k-1 simplex formed by ouitting
0k() (ii)(k- 1)

x ;
from (Ch(K) -

= 1b : (+.....)(by
k

k

Lib
= o by (4i) where X=

=add in by (4)-
V

= bein -e

(k-1)I) using the identity
:

b. (a ,
n ... nar)

= 1 b . (3 ,
1 ... nek)

k ! = b . a
: (ana

So
, (b - xdS = b . 0X (8i)

((x)(k) This is the key result that

gives
us the FTC) appliedto 5



On page5 we had :
⑨

⑧ fluids =-F d

G(x)(n) ((x)(2)

=
o by (4i)

((c)(n)

= e . oX by (8
%)

= 1j .X when T = Seid
:

i

Now
,
all of this is for one simplex .

By filling
in barycentriccards

.

a space
V with a simplex chain &(1)g) and taking

the limit of vanishing simplex size ,
we get
~flim

&+J ·X
:

I
(Fds = (F(dX(ai)

a

M- note : inner product removed
OV because outer product contributes

Rework the above with multivector field
ze because grade dims of V.

to right of measure :

Gaso = EdXE (ii)(
ov V



Can generalize further by defining a linear function L(Ani) Do

consuming a grade n-1 blade and returning a multivector of

any grades. Linear interpolation :

((Aic) = L(Aico)+ /L(Ai)-L(Aic)

Linearity means commutation with all suns/integrals ,
and we get :

Applications

(4=can se
V

The Divergence
Theorem follows from 1101) with :

(n-dim) LCA) = <JAI") for a
vector field

J

.

< J dS I"7 JJJdXE") cany actors
grades 1 m

n grades· /in < 7

I
=< Jnlds)] scalar (dX1 = I aX

= n
. T ldS)

scalar J
. J (anticommuting term

where ulds) = dSI- vanishes as grade 2)

: (n : JIds) = (0 . 5 (dX

oV V



Interlude : Summary of Main Steps in Proof ⑩

Linearly interpolate f(x) = F+ Xi (Fi - Fo) ei . ( - (o)
i = 1in barycentric words ↳ ↓

Integral over simplex boundary ⑧ fluids =-F d

then focuses on difference Fi -Fo

and the simplex geometry G(x)(n)~
Integral of inner product over

boundary becomes inner product (b - xd) = b . 0x(8i)

with directed volume ,

((x)(k) &
because integral of inner

b. xdX = b · i DX (Ti)
product over directed volume Sinceil inner product with geometric &center of simplex,

centric ↓because integral of b
any

coordinate picks up factorial) NidX=
5=
XI

increment which fixes

normalization .
(c)(1)

Then
,

turn difference in linear
% . OX when T = Seid :

interpolation into a derivative
-

and take the limit of the

sum over simplices in a chain (Fas = (Flaxfilling region
V

OV



Green's Theorem follows from 19ii) with G being the ⑪

2-d vector field T = Pe
,

+ Qez (2 · j = bij)

& dS5 =

(JMX !
*JdX

V

vector J anticommutes with 2-d

pseudoscular dX = Idady

-5 = (de ,
+ dje)(Pe + Q2)

=P+Q + (d,

Q - GjP)e , e2

LH) is a scalar. Scalar part of TJI
= - (IQ - &P)

: Pd + Qdy = ((%0 - &
, P)dady .

Stokes' Theorem arises when L(a) = J : a for vectors Janda .

So (10 :) becomes ↳
~ term is grade - but

LHS is scalar

⑧ J . a = (5 · (p · dX)
ov v because a. (b · B)

=

= (1015)
. aX = (a + b) = 13

for rectors a
,

b

andDirector B.



For Lanchy's integral formula,
need the motion of an ⑫

analytic complex function
,

or more generally a monogenic
*alsoaa sector field

multivector field.

Let Y = we
,

+ vez and Y = e , Y = n + VI be a

*

2nd vector field and the corresponding complex function ,

which is

analytic when the Cauchy-Riemann conditions are met :

dr
and du = - .

or w =V
and-

-
I

de de

This means the map
defined by the complex function is locally↑conformal .

Suall changes are well-approximated by the Jacobian

(Uvi) = (b) given v = a and
Va = b

My

Ear (co si
for =it
tanD = be

uniform -

rotation
dilation-
"magnitvist" only

- no shearing.

squares
can get bigger/smalles

and change angle,

but do not become parallelograms.

This was Joseph's insight .



Monogenic functions satisfy TY = 0 : ⑬

24 = (d) ,
+de)(n+ ve,e)

= (4x - Vy)e ,
+ (uy + v)e = 0

-

Cauchy-Riemann

The rector derivative of the corresponding rector field shows the magnituist

-y = 7 . 4 + 71) explicitly Y

= (2 ,
+ dyen)(ve ,

+ vez)
= (4x + Vy) + (v - my)2 ,2 = 2a + 2bi = 2veE%

The FTGC in the form of (9ii) with G = 4 is

-4 dX 4 commutes with dX

So because even-grade.
ov v

curve

~ = xe
,

+ yez paar

Map to complex plane by premultiplying by
e:

e , gard = GAzYdx
= 64dz

= JedX (I
of ou

= O if 4monogenic

: have Cauchy's Theorem : GYdE = 0 for analytic Y.



Cauchy's integral formula (CIF) is : ⑭

f(a) =#zdz
for andylic t!

Mov

=alt=be
,

as z close
at = be

,

and= Inlv-bl
.

We also know that Inlibs

the Green function for 72 in 2nd : 74/r-bl = 2+S(r-b)

·I=
Pub =
(b) existence of Gene

#

Tivertible .

Now let 4=
in (ii) :

g (v) = g(e , z) = f(z)

Hdz = c
, 90 (H)

z - a -
↓

↑ =
So-beyg() +Tf()

O for analytic f.

= IIf(a) If f not analytic, now we

have generalized Cauchy's
result !

I is the Green
function for the rector

-

z- a derivative in I-d
,
and C.F. propagates

f (z) off
the boundary to

any point a.


